Abstract. Let p be a prime and q a power of p. For n ≥ 0, let gn,q ∈ Fp[x] be the polynomial defined by the functional equation a∈Fq (x + a) n = gn,q(x q − x). When is gn,q a permutation polynomial (PP) of F q e ? This turns out to be a challenging question with remarkable breath and depth, as shown in the predecessor of the present paper. We call a triple of positive integers (n, e; q) desirable if gn,q is a PP of F q e . In the present paper, we find many new classes of desirable triples whose corresponding PPs were previously unknown. Several new techniques are introduced for proving a given polynomial is a PP.
Introduction
Let p be a prime and q = p s , where s is a positive integer. For each integer n ≥ 0, there is a polynomial g n,q ∈ F p [x] satisfying (1.1)
The origin of the polynomial g n,q can be traced to the reversed Dickson polynomials [9] . Eq. (1.1) is a natural generalization of the functional equation that defines the reversed Dickson polynomial [7] . We refer the reader to the introduction of [8] for more background of the polynomial g n,q . The present paper and its predecessor [8] concern the following question: When is g n,q a permutation polynomial (PP) of a finite field F q e ? We have seen in [8, 9] , and will continue to see in the present paper, that this is a far reaching question that does not have a simple answer. We call a triple of integers (n, e; q) desirable if g n,q is a PP of F q e . When q = 2, all known desirable triples (n, e; 2) are covered by four classes, and a conjecture states that there are no other desirable triples with q = 2. The question with a general q was studied in [8] . The results of [8] demonstrate that there are abundant desirable triples (n, e; q), many of which correspond to interesting new PPs. However, [8] was only a first step to understand the permutation properties of the polynomial g n,q , and the results there were far from being conclusive. There is clear evidence (both theoretic and numerical) that the desirable triples determined in [8] only constitute a small portion of all desirable triples. In [8] , there is a table (Table 3 ) generated by a computer search that contains all desirable triples (n, e; 3) (up to equivalence) with e ≤ 4. Even in this isolated case, there are still many instances where no theoretic explanation for the desirable triples has been found. Each unexplained instance is itself a question: Is the PP sporadic or does it belong to a previously unknown class? As a sequel of [8] , part of the present paper will be devoted to answering some of the questions raised in [8] . However, for the better part of the present paper, we find ourselves in new fronts, dealing with questions about g n,q that were not touched in [8] Here is an overview of the paper. In Section 2, we determine all desirable triples (n, 1; q) by computing the generating function n≥0 g n,q (x)t n . Section 3 is based on a technique developed in [8] . When q = p and n = α(p 0e +p 1e +· · ·+p (p−1)e )+β, α, β ≥ 0, it is known [8, Lemma 3.5] that for x ∈ F p e , (1.2) g n,p (x) = g αp+β,p (x) if Tr p e /p (x) = 0, x α g β,p (x) if Tr p e /p (x) = 0.
Many desirable triples in [8] were obtained by the above formula. Here we are able to generalize some of those desirable triples, and we also find a few new classes. These new results, combined with those in [8] , allow us to categorize most desirable triples with q = 3 and e ≤ 6; see Table 2 in Appendix A, which is an expansion and update of Table 3 in [8] . (A desirable triple is considered categorized if an infinite class containing it has been found.) We notice that in Table 2 most uncategorized cases occur with e = 3 and a few with e = 4; for e = 5, 6, every case is categorized. This is perhaps an indication that desirable triples (n, e; q) are easier to understand when e is large. The first two uncategorized desirable triples with q = 3 are (101, 3; 3) and (407, 3; 3). These two cases and an additional case (91525, 4; 3) are examined in Section 4. We find that in each of these cases, the reason for g n, 3 to be PP is quite unique. We believe, for the time being, that the three cases are sporadic. Section 5 is devoted to the study of desirable triples (n, e; q), where n is of the form q a − q b − 1. The results of our initial computer search indicate that this type of desirable triples occur frequently. A separate computer search is conducted for this type of desirable triples only. When e > 2, all known desirable triples (q a − q b − 1, e; q) are covered by Corollary 5.2 and Theorem 5.3, and we conjecture that there are no other cases. When e = 2, the situation becomes very interesting; see Table 1 in Appendix A. We discover several new classes of desirable triples (q a − q b − 1, 2; q) that provide explanations for some of the computer results. But in many other cases, no theoretic explanation of the computer results is known. At the end of Section 5 is a conjecture that predicts several classes of PPs of F q 2 with surprising simplicity. Section 6 primarily deals with desirable triples with even q. Again we find numerous classes of desirable triples. Their corresponding PPs (of F q e ) are related to the trace function Tr q e /q in various ways. In recent literature, the trace function played important roles in many constructions of PPs over finite fields; see for example, [1, 2, 3, 11, 14, 15] . However, the reader will find that the role of the trace function in the PPs of the present paper is rather different. The results of Section 6 allow us to categorize most desirable triples with q = 4 and e ≤ 6; see Table 3 in Appendix A. There are three appendices. Appendix A contains the three tables mentioned above. Appendix B is devoted to the determination of the parameters satisfying the conditions in Theorems 3.1 and 3.2. Appendix C contains some computational results used in the proof of Theorem 4.1.
Throughout the paper, various techniques are employed to prove a given polynomial is a PP. It is the authors' hope that some of these techniques will be useful in other situations.
In our notation, letters in typewriter typeface, x, y, t, are reserved for indeterminates. The trace function Tr q e /q and the norm function N q e /q from F q e to F q are also treated as polynomials, that is, Tr q e /q (x) = x + x q + · · · + x q e−1 ,
for every integer a ≥ 0. Note that Tr q e /q = S e . If two integers m, n > 0 belong to the same p-cyclotomic coset modulo q pe − 1, the two triples (m, e; q) and (n, e; q) are called equivalent, and we write (m, e; q) ∼ (n, e; q) or m ∼ (e,q) n. (Note that the meaning of "∼ (e,q) " here is slightly different from that of "∼ (q,e) " in [8] .) Desirability of triples is preserved under the ∼ equivalence [8, Proposition 2.4].
2.
The Case e = 1
In this section, we determine all desirable triples (n, 1; q). Theorem 2.1. We have
Namely, modulo
Clearly,
and
Thus (2.1) is proved.
Corollary 2.2.
(i) Assume q > 2. Then (n, 1; q) is desirable if and only if gcd(n, q − 1) = 1 and a n = 0 (in F p ).
(ii) Assume q = 2. Then (n, 1; 2) is desirable if and only if a n = 0 (in F 2 ).
Proof. (i) By (2.2), g n,q (x) = a n x n for all x ∈ F
New Desirable Triples by a Previous Method
In this section, we further exploit the method of [8] based on (1.2). Given integers d > 1 and
Theorem 3.1. Let p be a prime and e > 1. Assume that e ≡ 0 (mod 2) if p = 2. Let 0 < α < p e − 1 and 0 < β < p pe − 1 such that
is desirable if and only if
Clearly, g n,p maps Tr
By (3.2), x α maps {x ∈ F p e : Tr p e /p (x) = 0} to itself. We claim that gcd(α, p e −1) = 1. By (i), gcd(α,
So gcd(α, p − 1) = 1. Hence the claim is proved. Now x α maps {x ∈ F p e : Tr p e /p (x) = 0} bijectively to itself. By (3.1), g n,p is a PP of F p e if and only if the 
is desirable if and only if
Proof. The proof is similar to that of Theorem 3.1. Recall that for x ∈ F p e ,
By [8, Lemma 3.3] , we have
The rest of the proof is the same as that of Theorem 3.1.
For descriptions of the integers α, β satisfying the conditions in Theorems 3.1 and 3.2, see Appendix B.
Remark 3.3. In Theorem 3.2, condition (ii) can be weakened as
. Under these conditions we have
So the proof of Theorem 3.2 goes through.
Since L is a PP of F q e , we have N q e /q (x) s x = N q e /q (y) s y, i.e., 
Then (n, e; p) is a desirable triple, where n = α(p
Proof. For x ∈ F p e , we have 
So, for x ∈ F 3 e \ Tr 
It is known that y − y −1 + y −3 is a permutation of F 3 e \ Tr Question. Is it possible to generalize Theorem 3.6 to an arbitrary p?
Then for x ∈ F q e with Tr q e /q (x) = 0, we have g n,q (x) = −s.
We will need a few formulas for the proof of Lemma 3.7. First, from [8, (4.1)], we have
Also note that
If a < 0, we define S a = S pe+a .
Proof of Lemma 3.7 . We use induction on s. We will write g m for g m,q . When s = 0, the claim is trivially true. When s = 1, n = (q − 1)q a1e , and we have g n = −1. Now assume s > 1. In the following calculation, "≡" means "≡ (mod x q e − x)". We have S (a2−a1)e · g n ≡ g n+q a 2 e − g n+q a 1 e = g (q−1)(q a 1 e +q a 3 e +···+q as e )+q a 2 e+1 − g (q−1)(q a 2 e +···+q as e )+q a 1 e+1
≡ g (q−1)(q a 3 e +···+q as e )+q a 1 e+1 + S (a2−a1)e+1 · g (q−1)(q a 1 e +q a 3 e +···+q as e ) − g (q−1)(q a 3 e +···+q as e )+q a 2 e+1 − S (a1−a2)e+1 · g (q−1)(q a 2 e +···+q as e )
≡ S a1e+1−(a2e+1) · g (q−1)(q a 3 e +···+q as e ) − (s − 1)S 2(a2−a1)e (induction hypothesis)
Since S (a2−a1)e (x) = (a 2 − a 1 )S e (x) = (a 2 − a 1 )Tr q e /q (x) = 0, we have g n (x) = −s.
2 , where 0 ≤ l < e, s ≥ 0, and se ≡ 0 (mod 2).
is a desirable triple if and only
Proof. For x ∈ F 3 e we have (3α + β) † = (0, 0, 2, 1) 3 , which has weight 3, and gcd(2x 2 + x 3 , x 4 − 1) = x − 1. Thus (n, 4; 3) is desirable, where
This desirable triple is equivalent to the entry (107765, 4; 3) in Table 2 .
Sporadic Cases?
4.1. The triple (101, 3; 3). In Table 3 
where y = x + x 3 , which is a PP of F 3 3 . We can further write
. So the fact that g 101,3 is a PP of F 3 3 is equivalent to the fact that the function
is a permutation of F * 3 3 . In next theorem (and its proof), we investigate some peculiar properties of f in (4.1) as a function defined on F * q 3 . Theorem 4.1. f is a permutation of F * q 3 if and only if q = 3. Proof. (⇐) This part is easily verified by computer. However, to illustrate the peculiarity of the function f , we include a computer-free proof.
We will show that for every z ∈ F * 3 3 , there exists an x ∈ F * 3 3 such that
(The solution x of (4.2) will be explicitly determined in the proof.) 
2) has two cases:
Thus it suffices to show that one of the following systems has a solution in F * It follows that
i.e.,
(It follows easily from (4.6) that Tr 3 3 /3 (
. Since z has degree 3 over F 3 , we must have b = 1.
Case 2.1. Assume a = 1. Then (4.3) becomes
z+1 is a root of the quadratic equation in (4.5). Moreover,
(It follows easily from (4.7) that Tr 3 3 /3 (
It follows that
Let w 3 = z − 1. Then x = −1 + w is a root of the quadratic equation in (4.4). Moreover,
(It follows easily from (4.8) that Tr 3 3 /3 (
where y = x −1 ∈ F * q 3 , and g(y) = y + y q + y
First assume q = 2. We have (The complete expression of g 2q 2 +q+3 (mod y q 3 − y) is given in Appendix C.) By Hermite's criterion, g is not a PP of F q 3 .
The triple (407, 3; 3).
The second unexplained case of desirable triple in Table 3 of [8] is (407, 3; 3), where 407 = 2 · 3 0 + 2 · 3 4 + 3 5 . We have
where y = S 4 (x), which is a PP of F 3 3 . We can further write
is very similar to the function f in (4.1), but they do not seem to be related through a simple substitution. The behavior of h is also similar to that of f . For the "if" part, the calculation is a little different from that in the proof of Theorem 4.1. Let z ∈ F 3 3 . We try to solve the equation
We show that one of the following systems has a solution x ∈ F * 3 3 :
The solutions of the quadratic equation in (4.12) are x = −1 + w, where w 2 = z; the solutions of the quadratic equation in (4.13) are x = 1 + u, where u 2 = −z.
is a solution of the quadratic equation in (4.13), and Tr 3 3 /3 (
, from which we have (−z) 3 = (z + 1) 2 . Let u 3 = −(z + 1). Then x = 1 + u is a solution of the quadratic equation in (4.13), and This case is related to [8, Theorem 3.10] . We have n = 91525
Thus for x ∈ F 3 4 ,
We only have to show that
A crucial argument in the above proof is that (4.14) gives w 3 ((α · 3 − 7)
† ) = 3. However, this argument holds only for e = 4. We have not found any generalization of the desirable triple (91525, 4; 3).
The case
Our computer search turns out many desirable triples (n, e; q) where n is of the form q a − q b − 1. We shall see that such desirable triples are also interesting theoretically.
Assume n > 0 and n ≡ q a − q b − 1 (mod q pe − 1) for some integers a, b ≥ 0. Of course, we may assume 0 ≤ a, b < pe. If a = 0 or b, then n ∼ (e,q) q pe − 2, where 
For which a, e and q is g q a −2,q a PP of F q e ? The complete answer is not known. We have the following conjecture.
Conjecture 5.1. Let e ≥ 2 and 2 ≤ a < pe. Then (q a − 2, e; q) is desirable if and only if (i) a = 3 and q = 2, or (ii) a = 2 and gcd(q − 2, q e − 1) = 1.
Note. When q is even,
and the claim of the conjecture follows from Payne's Theorem [5, §8.5], [6, 12, 13] . For a general q, the "if" part is obvious. So for the conjecture, one only has to prove that if q is odd, e ≥ 2, and a > 2, then (q a − 2, e; q) is not desirable. Now assume n > 0 and n ≡ q a − q b − 1 (mod q pe − 1), where 0 < a, b < pe and a = b. If a < b, we have
where 0 < pe − b < pe + a − b < pe. Therefore we may assume 0 < b < a < pe. By [8, Eq. (4.1)], we have
(Note that (5.2) also holds for b = 0; see (5.1).) Assume e ≥ 2. Write
where a 0 , a 1 , b 0 , b 1 ∈ Z and 0 ≤ a 0 , b 0 < e. Then from (5.2) we have
Corollary 5.2. We have
In particular, (q 2 −q −1, e; q) is desirable if and only if q > 2 and gcd(q −2, q e −1) = 1.
Proof. It follows from (5.2).
The following theorem is a generalization of [8 
if and only if a ≡ b ≡ 0 (mod e). In particular, if 0 < b < a < pe, and a ≡ b ≡ 0 (mod e), then (q a − q b − 1, e; q) is a desirable triple.
Proof. (⇐) In the notation of (5.3), we have a 0 = b 0 = 0 and 0 < b 1 < p. So 
However, since 0 < a < pe,
So we must have F q e ⊂ F q b . Hence b ≡ 0 (mod e). Now by (5.3) and the calculation in (5.5), we have
.
which is a contradiction to (5.6). So we must have a 0 = 0, i.e., a ≡ 0 (mod e).
Remark 5.4. If (q a − q b − 1, 2; q) is desirable, where 0 < b < a < 2p and b ≡ 0 (mod 2), then we must have a ≡ 0 (mod 2). Otherwise, with e = 2, a 0 = 1, b 0 = 0 in (5.3), we have
Then g q a −q b −1,q (x) = 0 for every x ∈ F q 2 with Tr q 2 /q (x) = 0, which is a contradiction.
The results of our computer search suggest that when e ≥ 3, the only desirable triples (q a − q b − 1, e; q), 0 < b < a < pe, are those given by Corollary 5.
For the rest of this section, we will focus on desirable triples of the form (q a − q b − 1, 2; q), 0 < b < a < 2p.
Theorem 5.6. Let p be an odd prime and q a power of p.
(iii) For the n in (ii), (n, 2; q) is desirable if and only if 4i ≡ 1 (mod p).
Proof. (i) We have
Hence the claim.
(ii) Let e = 2, a = p + 2i, b = p. In the notation of (5.3), a 0 = 0, a 1 = i, b 0 = 1,
since (x − x q ) q−1 = −1. Therefore, g n,q is a PP of F q 2 if and only if (2i − 1)x −1 + 2ix −q is 1-1 on F q 2 \ F q , i.e., if and only if (2i − 1)x + 2ix q is 1-1 on F q 2 \ F q . So, it remains to show that (2i − 1)x + 2ix q is 1-1 on F q 2 \ F q if and only if 4i ≡ 1 (mod p).
(⇐) Assume 4i ≡ 1 (mod p). We claim that (2i − 1)x + 2ix q is a PP of F q 2 . Otherwise, there exists 0 = x ∈ F q 2 such that (2i − 1)x + 2ix q = 0. Then
Theorem 5.7. Let p be an odd prime and q a power of p.
(
ii) For the n in (i), (n, 2; q) is desirable if and only if i > 1 and 4i ≡ 3 (mod p).
Proof. Similar to the proof of Theorem 5.6.
Proposition 5.8. Let p be an odd prime and q
If i is odd,
Proof. Let n = q p+i −q p −1. Throughout the proof, "≡" means "≡ (mod x q 2 −x)". Case 1. Assume that i is even. Let e = 2, a = p + i, b = p. In the notation of
Note that
Case 2. Assume that i is odd. In the notation of (5.3), a 0 = 1,
In the above,
and, by the calculation in Case 1,
(ii) g n,q is a PP of F q 2 if and only if s is even.
Proof. (i) It is obvious that g(0) = 0. Let 0 = x ∈ F q 2 . By (5.3) (with a 0 = 0,
(ii) 1
• We show that for every c ∈ F * q 2 , the equation
has at most one solution x ∈ F * q 2 . Assume that x ∈ F * q 2 is a solution of (5.7). Then
Hence x is unique. 2 • Assume s is even. We show that (5.8)
has no solution in F * q 2 . Assume to the contrary that x ∈ F * q 2 is a solution of (5.8). Then x q−2 ∈ F q . Since s is even, we have gcd(q − 2, q 2 − 1) = 1. So x ∈ F q . Then Tr q 2 /q (x −1 ) = 0, and x q−2 = 0, which is a contradiction. 3
• Assume s is odd. We show that (5.8) has a solution in F * q 2 . Let x ∈ F 2 2 \ F 2 . Then x 2 + x + 1 = 0 and x 3 = 1. So
Theorem 5.10.
(i) Assume q > 2. We have
(ii) Assume that q is odd. Then x Proof. In the notation of (5.3), we have e = 2, a = 2i, b = 1, a 0 = 1,
• We show that for every c ∈ F * q 2 , the equation (5.9)
has at most one solution x ∈ F * q 2 . Assume x ∈ F * q 2 is a solution of (5.9). Then
Thus
. Hence x is unique. 2
• We show that x −q + x q−2 = 0 has no solution x ∈ F * q 2 . Assume that x ∈ F * q 2 is a solution. Then x 2q−2 = −1. Since Table 1 have not been explained. We conclude this section with a conjecture that grew out of Theorem 5.10.
Then f is a PP of F q 2 if and only if one of the following occurs:
(i) t = 1, q ≡ 1 (mod 4); (ii) t = −3, q ≡ ±1 (mod 12); (iii) t = 3, q ≡ −1 (mod 6).
More Results (Mostly with Even q)
This section primarily deals with the case of even characteristic. However, we remind the reader that in Lemmas 6.5, 6.7, 6.13 and Theorem 6.8, the characteristic is assumed to be arbitrary. 
where a i , b i ≥ 0 are integers. Then
Proof. We write g n for g n,q . By (3.5) we have
Corollary 6.2. Let q ≥ 4 be even, and let
where t 0 , . . . , t k and a 1 , . . . , a k are nonnegative integers with t 0 + 2t
In particular, g n,q is a PP of F q e if and only if
Proof. By Theorem 6.1,
The rest is obvious.
In Theorem 6.1, the mapping g n,q : F q e → F q e is quadratic in the multivariate sense, i.e., with the identification F q e ∼ = F e q . In general, it is difficult to tell whether a quadratic mapping is bijective. However, in some cases, such as Corollary 6.2, g n,q can be reduced to a suitable form which allows a quick determination whether it is a PP. Here are some additional examples of Theorem 6.1:
which is a PP of F q e .
Example 6.4. Let q = 4, e > 1, n = q 0 + q 1 + q e + q e+1 + q a , a ≥ 0. Then
We claim that when e is odd, g n,q is a PP of F q e . Assume to the contrary that there exist x, y ∈ F q e , x = y, such that g n,q (x) = g n,q (y). From Tr q e /q (g n,q (x)) = Tr q e /q (g n,q (y)), we derive that Tr q e /q (x) = Tr q e /q (y) = c. Then the equation g n,q (x) = g n,q (y) becomes (x + y + c)(x + y) = 0. So x + y + c = 0. Thus c = Tr q e /q (c) = Tr q e /q (x + y) = 0. Hence (x + y) 2 = 0, which is a contradiction.
Theorem 6.6. Let q = 2 s , s > 1, e > 0, and n = (q − 1)q 0 + (q − 1)q e + 2q a , a ≥ 0. Then
Assume that e is even and gcd(a, e) = 1. Then g n,q is a PP of F q e .
Proof. Write g n = g n,q . We have
To prove that g n is a PP of F q e , we assume that g n (x) = g n (y), x, y ∈ F q e , and try to show that x = y. From Tr q e /q (g n (x)) = Tr q e /q (g n (y)), we derive that Tr q e /q (x) = Tr q e /q (y) = c. If c = 0, the equation g n (x) = g n (y) becomes S a (x) 2 = S a (y) 2 , i.e., S a (x + y) = 0. Since gcd(1 + x + · · · + x a−1 , x e + 1) = 1, we have x = y. If c = 0, the equation g n (x) = g n (y) becomes c(x + y) = 0, which also gives x = y. Lemma 6.7. Let a 1 , . . . , a q ≥ 0, and n = (q − 1) + q a1 + · · · + q aq . Then
s , e > 0, a > 0, and n = (q − 1)q 0 + (q − 1)q e + q a . Then
Assume that
Proof. Eq. (6.1) follows from Lemma 6.7. To prove that g n,q is a PP of F q e under the given conditions, we assume that g n,q (x) = g n,q (y), x, y ∈ F q e , and try to show that x = y. From Tr q e /q (g n,q (x)) = Tr q e /q (g n,q (y)), we derive that
Tr q e /q (x) − Tr q e /q (y) = 0.
Since −2a − 1 + e ≡ 0 (mod p), we have Tr q e /q (x) = Tr q e /q (y) = c. If c = 0, the equation g n,q (x) = g n,q (y) becomes
we must have x − y = 0. If c = 0, the equation g n,q (x) = g n,q (y) becomes
we also have x − y = 0. When e is odd, g n,q is a PP of F q e .
Proof. By Lemma 6.7, e Tr q e /q (x) 1 2 q . Assume that e is odd. To prove that g n,q is a PP of F q e , assume to the contrary that there exist x, y ∈ F q e , x = y, such that g n,q (x) = g n,q (y). From Tr q e /q (g n,q (x)) = Tr q e /q (g n,q (y)), we derive that Tr q e /q (x) = Tr q e /q (y) = a. If a = 0, the equation g n,q (x) = g n,q (y) becomes x = y, which is a contradiction. If a = 0, the equation g n,q (x) = g n,q (y) becomes
So x + y = a. Then a = Tr q e /q (a) = Tr q e /q (x + y) = 0, which is a contradiction.
Theorem 6.10. Let q = 4, e > 2, and n = 3q 0 + 2q 2 + 2q e . We have
Proof. By Lemma 6.7,
To prove that g n,q is a PP under the given condition, we assume that g n,q (x) = g n,q (y), x, y ∈ F q e , and will show that x = y. From Tr q e /q (g n,q (x)) = Tr q e /q (g n,q (y)), we derive that Tr q e /q (x) = Tr q e /q (y) = a. If a = 0, the equation g n,q (x) = g n,q (y) becomes x = y. If a = 0, the equation g n,q (x) = g n,q (y) becomes
where z = x + y. Substitute (6.2) into itself, we have
Since gcd(1 + x + x 3 , x e + 1) = 1, we have z = 0, i.e., x = y.
The next theorem is similar to Theorem 6.10. Its proof is almost identical to that of Theorem 6.10 and is thus omitted. Theorem 6.11. Let q = 4, e > 2, and n = 3q 0 + 2q e−2 + 2q e . We have
Assume that e > 2 is even and gcd(1 + x 2 + x e−3 , x e + 1) = 1. Then g n,q is a PP of F q e . Theorem 6.12. Let q = 4, e > 0, and n = q 0 + q e + 2q
Assume that a + b ≡ 0 (mod 2) and
Proof. Eq. (6.3) follows from Theorem 6.1. To prove that g n,q is a PP of F q e under the given conditions, we assume that g n,q (x) = g n,q (y), x, y ∈ F q e , and try to show that x = y. From S e (g n,q (x)) = S e (g n,q (y)) we derive that (a + b) S e (x) + S e (y) 2 = 0.
So S e (x) = S e (y) = c ∈ F q . Now the equation g n,q (x) = g n,q (y) becomes
where z = x + y. Thus
We iterate both sides of (6.4) to get
Note that c 3 = 0 or 1. The conventional associates of the q-polynomials
it follows from (6.5) that z = 0, i.e., x = y.
Lemma 6.13. Let f : F n p → F p be a function, and assume that there exists s , e = 3k, and
By [10, Theorem 7.7] , it suffices to show that
Tr q e /2 (ag(x)) = 0 for all 0 = a ∈ F q e . We write Tr = Tr q e /2 . Case 1. Assume Tr q e /q k (a) = 0. By Lemma 6.13, it suffices to show that there exists y ∈ F q e such that Tr ag(x + y) − ag(x) is a nonzero constant for all x ∈ F q e .
Since Tr q e /q k (a) = 0, there exists y ∈ F q k such that Tr q k /2 y 2 Tr q e /q k (a) = 0. Then for x ∈ F q e , we have
which is a nonzero constant. = Tr bg(x) + bg(x)
(mod
So for x ∈ F q e ,
we see that for z ∈ F q 3k ,
Since c / ∈ F q k , we have c
Tr(x(c q 3k +c q 3k−1 +···+c q k+1 )) = 0.
Corollary 6.16. Let e = 3k, k ≥ 1, q = 2 s , s ≥ 2, and n = (q − 3)q 0 + 2q
and g n,q is a PP of F q e .
Proof. We write g n for g n,q . We have
It follows from Theorem 6.15 that g n is a PP of F q e .
Conjecture 6.17. Let q = 4, e = 3k, k ≥ 1, and n = 3q 0 + 3q 2k + q 4k . It is easy to see that
We conjecture that g n,q is a PP of F q e . Appendix A. Tables   Table 1 . Table 2 . Table 2 No.3  5 569 2,0,0,0,1,2 [8] Table 2 No.3  5 2675 2,0,0,0,0,2,0,1 [8] Table 2 No.3  5 4393 1,0,2,0,0,0,0,2 [8] Table 2 No.3 5 13177 1,0,0,2,0,0,0,0,2 [8] Table 2 No.3  5 Table 2 No.5 5 118591 1,2,0,0,0,2,0,0,0,0,2 [8] To describe those α, β satisfying conditions of Theorems 3.1 and 3.2, we first review the notion of addition in base p with carries in a cyclic order. Each integer 0 ≤ a ≤ p e − 1 has a unique representation
We can also treat a as a function (also denoted by a)
We will maintain this dual meaning for each integer 0 ≤ a ≤ p e − 1. Recall that we write the integer a in ( 
